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Abstract
We consider a space with noncommutativity of coordinates and noncommutativity
of momenta. It is shown that coordinates in noncommutative phase space depend on
mass therefore they can not be considered as kinematic variables. Also, noncommutative
momenta are not proportional to a mass as it has to be. We find conditions on the
parameters of noncommutativity on which these problems are solved. It is important
that on the same conditions the weak equivalence principle is not violated, the properties
of kinetic energy are recovered, and the motion of the center-of-mass of composite system
and relative motion are independent in noncommutative phase space.
Key words: noncommutative phase space; kinematic variables; representation; param-
eters of noncommutativity.
1 Introduction
In recent years many physicists have been worked on the problems in the framework of noncom-
mutative quantum and classical mechanics. Such an interest is motivated by the development
of String Theory and Quantum Gravity (see, for example, [1, 2]). Idea of noncommutativity
was suggested by Heisenberg. The first paper on this subject was written by Snyder in 1947
[3].
Different problems were studied in a space with noncommutative algebra, among them are
harmonic oscillator [4, 5, 6, 7, 8, 9, 10, 11, 12], many-particle systems [9, 13, 14, 15, 16, 17, 18],
hydrogen atom [13, 9, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31], Landau problem
[32, 33, 34, 35], gravitational quantum well [36, 37], classical systems with various potentials
[38, 39, 40, 41, 42, 43], quantum fields [44, 45] and many others.
Four dimensional noncommutative phase space (2D configurational space and 2D momen-
tum space) can be realized with the help of the following commutation relations for coordinates
and momenta
[X1, X2] = ih¯θ, (1)
[Xi, Pj] = ih¯δij , (2)
[P1, P2] = ih¯η, (3)
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here θ, η are constants, called parameters of coordinate and momentum noncommutativity,
i, j = (1, 2).
It is worth noting that noncommutativity causes fundamental problems among them for ex-
ample are the problem of rotational symmetry breaking [19, 46, 47], violation of the equivalence
principle [48, 49, 15, 43], violation of the properties of the kinetic energy [15, 43] and others.
In our previous paper [43] we studied the problem of violation of the equivalence principle,
the problem of violation of the properties of the kinetic energy, the problem of dependence of
motion of the center-of-mass of composite system on the relative motion in noncommutative
phase space. We have shown that all these problems are solved if only two conditions on the
parameters of noncommutativity are satisfied
θama = γ = const, (4)
ηa
ma
= α = const, (5)
here θa, ηa are parameters of noncommutativity which correspond to a particle of mass ma, α
and γ are constants which are the same for particles with different masses.
In the present paper we show that in the case when conditions (4), (5) hold noncommu-
tative coordinates do not depend on mass and can be considered as kinematic variables, also
noncommutative momenta are proportional to a mass as it has to be. Therefore the list of
problems which can be solved considering conditions (4), (5) is extended.
The article is organized as follows. In Section 2 we consider representation for coordinates
and momenta in noncommutative phase space. We present conditions on the parameters of
noncommutativity on which noncommutative coordinates can be treated as kinematic variables
and noncommutative momenta are proportional to mass as it has to be. In Section 3 we consider
coordinates and momenta of the center-of-mass of composite system in noncommutative phase
space and analyze representations for them. Conclusions are presented in Section 4.
2 Representation for noncommutative coordinates and
noncommutative momenta and parameters of non-
commutativity
The coordinates Xi and the momenta Pi which satisfy noncommutative algebra (1)-(3) can
be represented by the coordinates xi and momenta pi satisfying the ordinary commutation
relations
[xi, xj ] = 0, (6)
[pi, pj] = 0, (7)
[xi, pj] = ih¯δij , (8)
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here i, j = (1, 2). The representation has the following form (see [50])
X1 = ε(x1 −
1
2
θ′p2), (9)
X2 = ε(x2 +
1
2
θ′p1), (10)
P1 = ε(p1 +
1
2
η′x2), (11)
P2 = ε(p2 −
1
2
η′x1), (12)
where
ε =
1√
1 + θ
′η′
4
, (13)
(14)
and θ′, η′ are constants. Parameters θ′, η′ are related with θ, η as follows
θ =
θ′
1 + θ
′η′
4
, (15)
η =
η′
1 + θ
′η′
4
. (16)
From (15)-(16) we obtain
θ′ =
2
η
(1±
√
1− θη), (17)
η′ =
2
θ
(1±
√
1− θη). (18)
Taking into account (9)-(12), (17), (18), we can write
X1 =
√
θη
2(1±√1− θη)
(
x1 −
1
η
(
1±
√
1− θη
)
p2
)
, (19)
X2 =
√
θη
2(1±√1− θη)
(
x2 +
1
η
(
1±
√
1− θη
)
p1
)
, (20)
P1 =
√
θη
2(1±√1− θη)
(
p1 +
1
θ
(
1±
√
1− θη
)
x2
)
, (21)
P2 =
√
θη
2(1±√1− θη)
(
p2 −
1
θ
(
1±
√
1− θη
)
x1
)
. (22)
So, we have two representations (corresponding to ” + ” or ” − ” in (19)-(22)) for the coordi-
nates and the momenta which satisfy commutation relations (1)-(3). The representations are
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connected by the following canonical transformation
X
(−)
1 = −
√
θ
η
P
(+)
2 , (23)
X
(−)
2 =
√
θ
η
P
(+)
1 , (24)
P
(−)
1 =
√
η
θ
X
(+)
2 , (25)
P
(−)
2 = −
√
η
θ
X
(+)
1 , (26)
here we use notations X
(+)
i , P
(+)
i for coordinates and momenta in the case when the sign ”+” is
chosen in formulas (19)-(22) and X
(−)
i , P
(−)
i for coordinates and momenta in the case of chouse
of the sign ”-”.
In the limits θ → 0, η → 0 from (19)-(22) we have
X
(−)
i = xi, (27)
P
(−)
i = pi. (28)
So, one has coordinates xi and momenta pi which satisfy the ordinary commutation relations
as it has to be. In the case when the sign ”+” in (19)-(22) is chosen in the limits θ → 0, η → 0
we have
X
(+)
1 = −
√
θ
η
p2, (29)
X
(+)
2 =
√
θ
η
p1, (30)
P
(+)
1 =
√
η
θ
x2, (31)
P
(+)
2 = −
√
η
θ
x1, (32)
Taking into account (27), (28), canonical transformation (29)-(32) is in agreement with (23)-
(26).
It is important to note that according to (19)-(20) the coordinates depend on the momenta
pi and therefore depend on mass. So, the coordinates in noncommutative phase space can not
be treated as a kinematic variables.
In general case coordinates and momenta of different particles may satisfy noncommutative
algebra with different parameters of noncommutativity. Let us consider conditions (4), (5)
which relate parameters of noncommutativity which correspond to a particle with its mass.
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Let us stress that in the case when conditions (4), (5) are satisfied we have
X1 =
√
αγ
2(1±√1− αγ)
(
x1 −
1
α
(
1±
√
1− αγ
) p2
m
)
, (33)
X2 =
√
αγ
2(1±√1− αγ)
(
x2 +
1
α
(
1±
√
1− αγ
) p1
m
)
, (34)
P1 =
√
αγ
2(1±√1− αγ)
(
p1 +
m
γ
(
1±
√
1− αγ
)
x2
)
, (35)
P2 =
√
αγ
2(1±√1− αγ)
(
p2 −
m
γ
(
1±
√
1− αγ
)
x1
)
. (36)
So, if parameters of noncommutativity, corresponding to a particle, are determined by its mass
m as
θ =
γ
m
, (37)
η = αm, (38)
the coordinates Xi do not depend on the mass of a particle and can be considered as a kinematic
variables in noncommutative phase space. Note also that in the case when relations (4), (5)
hold we have that momenta (35), (36) are proportional to mass as it has to be.
At the end of this section let us consider also the case when the constants in (9)-(12) are
chosen as follows ε = 1, η′ = η, θ′ = θ [50]. As a result, we can write the following representation
X1 = x1 −
1
2
θp2, (39)
X2 = x2 +
1
2
θp1, (40)
P1 = p1 +
1
2
ηx2, (41)
P2 = p2 −
1
2
ηx1, (42)
Commutation relations for coordinates and momenta represented as (39)-(42) reproduce (1),
(3), but the commutator of Xi and Pi reads
[Xi, Pj] = ih¯effδij , (43)
here
heff = h¯
(
1 +
θη
4
)
. (44)
is called effective Planck constant [50]. Note that if conditions (4), (5) are satisfied the coordi-
nates and momenta can be written as
X1 = x1 −
1
2
γ
p2
m
, (45)
X2 = x2 +
1
2
γ
p1
m
, (46)
P1 = p1 +
1
2
αmx2, (47)
P2 = p2 −
1
2
αmx1, (48)
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So, in this case coordinates do not depend on the mass and can be treated as kinematic variables.
Also, momenta are proportional to the mass, as it has to be. It is worth also mention that in
the case when parameters of noncommutativity are determined by mass (4), (5) the effective
Planck constant reads
heff = h¯
(
1 +
αγ
4
)
. (49)
and is the same for different particles.
In the next section we will show that conditions are also important in studying of composite
system in noncommutative phase space.
3 Coordinates and momenta of the center-of-mass of
composite system
In general case coordinates and momenta of different particles may feel noncommutativity with
different parameters
[X
(a)
1 , X
(b)
2 ] = ih¯δ
abθa, (50)
[X
(a)
i , P
(b)
j ] = ih¯δ
abδij, (51)
[P
(a)
1 , P
(b)
2 ] = ih¯δ
abηa, (52)
here indices a, b label the particles, i = (1, 2), j = (1, 2), θa, ηa are parameters of noncommu-
tativity, which correspond to a particle of mass ma. Therefore there is a problem of describing
the motion of the center-of-mass of the composite system in noncommutative phase space. This
problem was studied in our previous paper [43]. We showed that coordinates and momenta of
the center-of-mass of composite system
X˜ =
∑
a maX
(a)∑
ama
, (53)
P˜ =
∑
a
P(a), (54)
satisfy noncommutative algebra with effective parameters of noncommutativity θ˜, η˜. Taking
into account (50)-(52) and (53)-(54) one has
[X˜1, X˜2] = ih¯θ˜, (55)
[P˜1, P˜2] = ih¯η˜, (56)
[X˜i, P˜j] = ih¯δij , (57)
with
θ˜ =
∑
am
2
aθa
(
∑
b mb)
2
, (58)
η˜ =
∑
a
ηa. (59)
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Analogically to (19)-(22), the coordinates and momenta of the center-of-mass which satisfy
(55)-(57) can be represented as
X˜1 =
√√√√ θ˜η˜
2(1±
√
1− θ˜η˜)
(
x˜1 −
1
η˜
(
1±
√
1− θ˜η˜
)
p˜2
)
, (60)
X˜2 =
√√√√ θ˜η˜
2(1±
√
1− θ˜η˜)
(
x˜2 +
1
η˜
(
1±
√
1− θ˜η˜
)
p˜1
)
, (61)
P˜1 =
√√√√ θ˜η˜
2(1±
√
1− θ˜η˜)
(
p˜1 +
1
θ˜
(
1±
√
1− θ˜η˜
)
x˜2
)
, (62)
P˜2 =
√√√√ θ˜η˜
2(1±
√
1− θ˜η˜)
(
p˜2 −
1
θ˜
(
1±
√
1− θ˜η˜
)
x˜1
)
. (63)
here
x˜i =
∑
a max
(a)
i∑
a ma
, (64)
p˜i =
∑
a
p
(a)
i , (65)
are coordinates and momenta of the center-of-mass which satisfy
[x˜i, x˜j ] = 0, (66)
[p˜i, p˜j] = 0, (67)
[x˜i, p˜j] = ih¯δij. (68)
On the other hand, representation for coordinates X
(a)
1 and momenta P
(a)
1 of a particle with
parameters θa and ηa is given by (19)-(22). Substituting (19)-(22) into (53), (54), we have
X˜1 =
1
M
∑
a
ma
√
θaηa
2(1±√1− θaηa)
(
x
(a)
1 −
1
ηa
(
1±
√
1− θaηa
)
p
(a)
2
)
, (69)
X˜2 =
1
M
∑
a
ma
√
θaηa
2(1±√1− θaηa)
(
x
(a)
2 +
1
ηa
(
1±
√
1− θaηa
)
p
(a)
1
)
, (70)
P˜1 =
∑
a
√
θaηa
2(1±√1− θaηa)
(
p
(a)
1 +
1
θa
(
1±
√
1− θaηa
)
x
(a)
2
)
, (71)
P˜2 =
∑
a
√
θaηa
2(1±√1− θaηa)
(
p
(a)
2 −
1
θa
(
1±
√
1− θaηa
)
x
(a)
1
)
. (72)
here M is the total mass of the system M =
∑
ama. Note that representations (60)-(63) and
(69)-(72) are not the same.
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It is interesting to mentioning that if conditions (4), (5) are satisfied expressions (69)-(72)
reproduce (60)-(63). We have
X˜1 =
√
αγ
2(1±√1− αγ)
(
x˜1 −
1
α
(
1±
√
1− αγ
) p˜2
M
)
, (73)
X˜2 =
√
αγ
2(1±√1− αγ)
(
x˜2 +
1
α
(
1±
√
1− αγ
) p˜1
M
)
, (74)
P˜1 =
√
αγ
2(1±√1− αγ)
(
p˜1 +
M
γ
(
1±
√
1− αγ
)
x˜2
)
, (75)
P˜2 =
√
αγ
2(1±√1− αγ)
(
p˜2 −
M
γ
(
1±
√
1− αγ
)
x˜1
)
. (76)
where x˜i, p˜i are defined by (64), (65). Here we use the following relations
θ˜ =
γ
M
, (77)
η˜ = αM, (78)
which are obtained from (4), (5), (58), (59).
It is important to note that in the contrast to (62)-(63), (71)-(72) momenta (75)-(76) are
proportional to the total mass M . So, conditions (4), (5) give the possibility to recover pro-
portionality of total momenta to M .
The same conclusion can be done in the case of representation (45)-(48). In analogy to
(60)-(63), (69)-(72) the coordinates and momenta of the center-of-mass can be represented as
X˜1 = x˜1 −
1
2
θ˜p˜2, (79)
X˜2 = x˜2 +
1
2
θ˜p˜1, (80)
P˜1 = p˜1 +
1
2
η˜x˜2, (81)
P˜2 = p˜2 −
1
2
η˜x˜1, (82)
and
X˜1 =
∑
a
ma
M
(
x
(a)
1 −
1
2
θap
(a)
2
)
, (83)
X˜2 =
∑
a
ma
M
(
x
(a)
2 +
1
2
θap
(a)
1
)
, (84)
P˜1 =
∑
a
(
p
(a)
1 +
1
2
ηax
(a)
2
)
, (85)
P˜2 =
∑
a
(
p
(a)
2 −
1
2
ηax
(a)
1
)
, (86)
Representations (79)-(82) and (83)-(86) are not the same. Note that when conditions (4),
(5) hold from (79)-(82) and (83)-(86) we obtain the following expressions for noncommutative
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coordinates and nocommutative momenta
X˜1 = x˜1 −
1
2
γ
p˜2
M
, (87)
X˜2 = x˜2 +
1
2
γ
p˜1
M
, (88)
P˜1 = p˜1 +
1
2
αMx˜2, (89)
P˜2 = p˜2 −
1
2
αMx˜1, (90)
It is worth mentioning that in the contrast to (81)-(82) and (85)-(86), one has proportionality
of the total momenta P˜i (89), (90) to the total mass M .
4 Conclusions
In the paper we have considered a space with noncommutativity of coordinates and noncommu-
tativity of momenta. It is shown that coordinates in noncommutative phase space can not be
considered as kinematic variables because of they dependence on the mass. We have studied a
general case when different particles satisfy noncommutative algebra with different parameters
of noncommutativity. We have shown that if parameters of noncommutativity which corre-
spond to a particle are determined by its mass as (4), (5) the noncommutative coordinates can
be treated as kinematic variables. Moreover, we have shown that noncommutative momenta
are proportional to mass in the case when relations (4), (5) are satisfied.
In addition coordinates and momenta of the center-of-mass of composite system have been
considered in noncommutative phase space. We have concluded that if conditions (4), (5) hold
the total momenta of the system are proportional to its total mass as it has to be. Also, it has
been shown that representation for coordinates of the center-of-mass and total momenta (69)-
(72) written on the basis of they definitions (53), (54) and representation (60)-(63) obtained
from noncommutative algebra (55)-(57) reproduce each other in the case when relations (4),
(5) are satisfied.
So, in the case when parameters of noncommutativity which correspond to a particle are
determined by its mass a list of important results can be obtained in noncommutative phase
space. In our previous paper [43] we showed that if conditions (4), (5) hold the weak equiva-
lence principle is recovered; the properties of the kinetic energy are preserved; the motion of the
center-of-mass of composite system and relative motion are independent in noncommutative
phase space. I addition in this paper we have shown that in the case when conditions (4),
(5) are preserved the noncommutative coordinates do not depend on mass and can be treated
as kinematic variables in noncommutative phase space, noncommutative momenta are propor-
tional to the mass as it has to be. So, the importance of proposed conditions (4), (5) is stressed
by the number of problems which can be solved in noncommutative phase space.
We wound like also to note that similar to (4), (5) condition which relates parameter of
deformation β with mass (namely m
√
β = γ, γ is constant) is important in solving problems
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in deformed space with minimal length [Xˆ, Pˆ ] = ih¯(1 + βPˆ 2). Among them are violation of
the equivalence principle, violation of properties of kinetic energy, dependence of Galilean an
Lorentz transformations on mass [51, 52, 53]. So, idea to connect parameters of deformations
(noncommutative parameters) with mass of a particle is important in solving problems in
quantized spaces.
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